ECE 567 — Reinforcement Learning Theory

Homework 2

Due: 11:59 PM on Jan. 30

1. A Maze Game in Gridworld [70pt]

A 8 x 8 rectangular gridworld map is shown below:
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Figure 1: Gridworld map.

Imagine an agent moving within this 8 x 8 gridworld, where the grids are numbered from 0 to
63, the red lines represent walls, and the green grid (grid 0) and the blue grid (grid 6) are the starting
point and the destination, respectively. The agent can move up, right, down, or left for each step
except that the walls block the agent’s path. That is, if there is a wall in the direction that the agent
plans to move, the agent will remain in the current cell.

If the agent arrives at grid 6 (the destination), the agent will receive a reward of +10 and the
process will terminate. Otherwise, the agent will receive a reward of -1 with probability 0.5 and a
reward of -2 with probability 0.5 for each step (including hitting the wall).

The agent’s goal is to find the optimal policy that maximizes the expected discounted total re-
ward starting from grid 0 to grid 6. The discount factor is 0.9.

Formulation:

e State s:



The state is defined as the grid where the agent is located. s € {0, 1, ...,63}. The initial state is
0 and the terminal state is 6.
e Action a:
a = 0: the agent plans to move up;
a = 1: the agent plans to move right;
a = 2: the agent plans to move down;

a = 3: the agent plans to move left.

e Transition:
Examples:
If s = 0 and a = 0, then the next state will be s’ = 0 (The agent hits the wall);
If s = 0 and a = 1, then the next state will be s’ = 1;

If s = 0 and a = 2, then the next state will be s’ = §;

e Random reward r(s, a):

r(5,1) =10, 7(7,3) = 10, r(14,0) = 10. Otherwise, r(s, a) is equal to -1 with probability 0.5 and
-2 with probability 0.5.

o Objective: Maximize the expected discounted total reward:
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where the subscript ¢ denotes the time slot, 7 is the time slot when the agent reaches the termi-
nal state 6 starting from sg, and o = 0.9 is the discount factor.

Note that in this problem the state transition is deterministic. Define a deterministic state transi-
tion function f such that s’ = f(s, a) where s is the current state, a is the current action, and s’ is the
next state. For example, f(0,0) =0, f(0,1) = 1.

Let V*(s) denote the optimal value function, defined by
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(1) Write down the Bellman equation in terms of V*, f, r, and . Hint: Consider two cases, s = 6
and s # 6.

(2) Assume V( = 04, where 0,, denotes a column vector of all zeros with length n. Please calculate
V1 under the value iteration algorithm, i.e., the value function after the first iteration of the
value iteration algorithm.



(3) Assume initial policy po(s) = 0 for any s € {0,1,...,63}. Please calculate V,,, the value
function under policy s, and then identify ;1 under the policy iteration algorithm (i.e. the
policy after the first iteration of the policy iteration algorithm).

2. Q-Learning [30pt]

Consider a Markov chain with three states {1,2,3}. In each state, we can choose one of the two
possible actions {1, 2}. The transition probability matrices under the two actions are given below:

0.5 0.3 0.2 0.3 0.3 04
P(1)= (01 04 05| and P@)= (05 01 04]. (1)
0.3 0.3 04 0.2 05 0.3

The cost for a given (state, action) pair is a Bernoulli random variable. The mean costs are given

below
0.1 0.9
C=1]108 01]. (2)
0 0.1

We are interested in solving the following discounted cost problem
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where 7}, is the state at time k, uy, is the action at time £, and ; denotes a policy.
Assume we do not know the model but are given the following trace (xj, ug, c(xk, ux)) instead:

(L, L,1) = (2,1,0) = (3,2,1) = (2,2,0). 3)
0 05

Consider the Q-learning algorithm with Qo = | 0.3 0 | and step size ¢ = 0.1. Please calculate the
0.2 0.1

sequence of Q-values under Q-learning with the trace given above.



