Stochastic Dynamic Programming (DP)!

!Sections 1.4-1.6: Yang&Ying



Finite-Horizon Stochastic DP

P — top) = 0.6 P = top) = 0.4
U =up — (X1 = top) and u, = down — (X1 = top)
P(xx+1 = bottom) = 0.4 P(xk+1 = bottom) = 0.6



Stochastic DP example

Optimal policy: A fixed sequence (ug, u1, ..., un—1)7
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Stochastic DP example

Optimal policy: A fixed sequence (ug, u1, ..., un—1)7

State dependent actions (a policy): p}(xx), Vxk




Stochastic DP example

Stage 0 Stage 1 Stage 2 Stage 3

A node at stage 3 has only one possible path to reach destination D.
@ Reward-to-go from the top node: 5

@ Reward-to-go from the bottom node: 6



Stochastic DP example _g\_
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Stage 0 Stage 1 Stage 2 Stage 3

\Y @

@ Reward-to-go with action Up: 0.6 x (14+5)+0.4x (34+6)=3.6+3.6=7.2
[ O .

@ Reward-to-go with action Down: 0.4 x (1+5)+0.6 x (3+6)=7.8
AAA—
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o u3(N2p) = down



Stochastic DP example
Down: 7.8 5

663@
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Stage 0 Stage 1 Stage 2 Stage 3
Up : 06 (3+7-8)
@ Reward-to-go (Up): 0.6 x (3+5)+04x(2+6)=38 + oowClts)

@ Reward-to-go (Down): 0.4 x 8+ 0.6 x 8 =28
@ u}(N2p) can be either up or down



Stochastic DP (Finite—hewzen)

L : ward
@ Random transitions P(xk1|Xk, Uk) te\’W“"L Ve

T-1
)+ E rie (X Uk)]
kfi) /r Uy

@ Value function:

A —

@ Given initial state xp, find a policy

7 = {po, p1(x1), .., pr—1(x7-1)}

such that

T-1
V(x0) = max E [rT xT) + Z i (Xke, ok (X)) ]
™

" k=0



Stochastic DP Ue éA

The Bellman Equation:

VP (X1 = X|xk, uk)
~— -

Given state x, and V,j‘+1(xk+1 ,
uj € arg max Elric(xic; uie) + Viy 1 (Xie41))]

Backward-forward algorithm: First compute V) backward and then find uj forward.



Example: A Betting Game

You have $2 and have to play a game 3 times. For each game, the chance of winning
is 0.4 and the money you bet is doubled, and chance of losing is 0.6 and you lose the
money you bet. You can only bet an integer dollar amount.

Goal: Find a policy that maximizes your chance of ending up with $4 or more.

6tajc? State ©  actn ?  reoord ©
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Example: A Betting Game

You have $2 and have to play a game 3 times. For each game, the chance of winning
is 0.4 and the money you bet is doubled, and chance of losing is 0.6 and you lose the
money you bet. You can only bet an integer dollar amount.

Goal: Find a policy that maximizes your chance of ending up with $4 or more.

DP formulation

@ stage i: the ith game (for i =0,1,2,3)

@ state at stage i: x; = money available at the beginning of game /

@ action at stage i: u; = how much to bet (must be an integer)
1, x3>4

0, otherwise
when i =0,1,2, ri(x;)) =0

@ Objective: Vj(xo =2) = maxy, E [Ei:o rk(xk)’ X0 = 2} .

)

@ reward at stage i: when i =3, r3(x3) =




Example: A Betting Game

The Bellman Equation:

Vi () = max E[V{ 3 ()]

= max (Vi (x4 1) x 0.4 + Vi (i — u) x 0.6) .
NS ———




Example: A Betting Game

The Bellman Equation:

Vi () = max E[V{ 3 ()]

= max (Vi O 4+ 1) x 0.4 + Vi (xk — u) x 0.6) .

Stage 3

. 1, x3=45,...,16
V3(X3)={

0, x3=0,1,2,3




Example: A Betting Game 5V %)= °
. L&’
/ 0 \\‘
\ F 7'
Stage 2 A
V5 (x2) =|max 3 (x2 4+ u) x 0.4+ V5(x2 — u) x 0.6)

Note that uf = 0 when x> 4,/so we only need to consider xx € {1,2,3}.

/‘\/') X';- ’l x ;V; O J)=0Q
_ ¥ =

u=1 u=2 u=3 t '>(3 ~ O '-D UZQO)%
=1 k>4 XQ‘;L‘, =9 U;Q_*,-:'j




Example: A Betting Game

Stage 1 %o\
2=
° Vi(x1=0)=0 /
o Vi(x1=1)=max{V5(xx=1)=0 (v=0),
~A— -
0.4V5(x2 = 2) + 0.6V (x2 = 0) = 0.16 (u
N
~0.16 o'\t 8
o Vi(x1 =2)=max{V5(xx=2)=0.4 (u=0),
~———"

0.4V5(x2 = 3) + 0.6V (xp = 1) = 0.16 (u = 1),
u =

0.4V5(x2 = 4) +0.6V5 (x2 = 0) = 0.4 (
£0.4

=1)}

1
2)}

_




Example
Stage 1

o Vi (x1 =3)=max{V5(xx=3)=0.4 (u=0),
0.4V5(x =4) +0.6V5(x = 2) :
0.4V5(x2 =5)+0.6V5(xx=1)=0.4 (v =2),
0.4V5(x2 =6) +0.6V5(x2 =0)=0.4 (v =3)}

—0.64
N —



Example

Stage 0
o Vi(xo=2)=max{Vf(x1 =2
0.4Vi (x1

=3) TUBV{ (4 = 1) = 0.352 (u = 1),
AVi(x1 =4)+ 0.6V =0) 0.4 (u—2)}

0
(S = =

N—

Optimal strategy: bet once with $2




Infinite Horizon Discounted RL

Time-homogeneous stochastic systems (environments)

o Transition kernel P(xp= j|xe =i, up3 = a) = P(x' = j|x = i, u = a) does not
depend on k

@ Reward function ri(xx = x, ux = u) = r(x, u) does not depend on k
A Y

@ Discount factor 0 < o < 1 and initial state xg, find a policy p such that

Vo(xo) = max E !Z o®r(x, Mk(Xk))]

K k=0
The Bellman Equation
Vahxic) = max E [r(xks ik (k) + Vg (k1))
— V¥ (x) = max E [r(x, u(x)) + aV* ()]
"

AN —




The Bellman Equation in RL

Episodic RL

Vi o) = max E [ 056)) + Vi ()]

Infinite Horizon Discounted RL

V¥(x) = max E [r(x, p(x)) + aV*(x)]

The goal of reinforcement learning: Learn the optimal policy u* by solving the Bellman
equation.

v
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@ Chapters 1.1 and 1.2 of Dimitri P. Bertsekas, Reinforcement Learning and
Optimal Control, Athena Scientific, 2019. Slides and lectures available at
https://web.mit.edu/dimitrib/www/RLbook.html



