Duality



Constrained Optimization Problem
Recall the constrained optimization problem:

f‘
ey )
subject to
hi(X) < O7I: 1,2,...,,,
gI(X) = 07./ - 172, 7J
Example

Consider a resource allocation problem:
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Duality
The Lagrangian of this optimization problem is defined to be
L(x, A\, i) = F(x ZAh(x +Zujgj A >0 Vi

The constants \; > 0 and p; are called Lagrange multipliers.

L(x,\) = 32 g log X, — 307 Ni(xo + x; — 1).

The Lagrangian dual function is defined to be

D(X, ) = sup L(x, A, ).
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Duality
Let f* be the maximum of the optimization problem, i.e.,

f* = max f(x).
T )

Then, we have the following theorem.

Theorem
D(\, p) is a convex function and D(\, ) > f*.

Example

It is easy to verify that for A = 1, we have

= D(l)=-log2 -1~ —-17> "= —3log3+2log2~ —1.9




Proof

The convexity comes from a known fact that the pointwise supremum of affine
functions is convex.

Figure: The solid line is the pointwise supremum of the four dashed lines, and is convex.



Proof

To prove the bound, note that h;(x) < 0 and gj(x) = 0 for any feasible x, so the
following inequality holds for any feasible x:

L(x, A\, u) > f(x) = sup L(x,\,p)> sup f(x)=r".

XES XES
h(x)<0 h(x)<0
g(x)=0 g(x)=0

Since removing some constraints of a maximization problem can only result in a larger
maximum value, we obtain

sup L(x, A\, ) > sup L(x, A\, u) = D(\p)=suplL(x, A\, u)>f".
XES x€eS x€eS

h(x)<0

g(x)=0



Lagrange dual problem

Lagrange dual problem

inf DO\, ).
NI (A, 1)

@ Let d* be the minimum of the dual problem, i.e.,

*= inf D\ p).
d' = inf, (A )

Duality gap: d* — f*.
Strong duality: d* = f*.

If strong duality holds, then one can solve either the primal problem or the dual
problem to obtain *.



Slater’s Condition

Recall the constrained optimization problem:

f‘
gl

subject to:  hi(x) <0,i=1,2,...,/, and gj(x) =0, =1,2,..., J.

Slater’s condition
Consider the constrained optimization problem. Strong duality holds if the following

conditions are true:
@ f(x) is a concave function and h;(x) are convex functions;
@ gj(x) are affine functions;
@ There exists an x that belongs to the relative interior of S such that h;(x) < 0 for
all i and gj(x) = 0 for all j.




Example

Consider the resource allocation problem:

L
maxE log x,
X

r=0

xo+x; <1, Vi=1,...,L and x2>0.

Slater's condition is satisfied by considering x, = 0.1.



Karush—Kuhn—Tucker (KKT) conditions
Karush—Kuhn—Tucker (KKT) conditions

Consider the constrained optimization problem. Assume that f and h; (i =1,2,...,/)
are differentiable functions and that Slater’s conditions are satisfied. Let x* be a
feasible point, i.e., a point that satisfies all the constraints. Such an x* is a global
maximizer for the optimization problem if and only if there exist constants A7 > 0 and
w; such that
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Further, (1) and (2) are also necessary and sufficient conditions for (A*, u*) to be a
global minimizer of the Lagrange dual problem. If f is strictly concave, then x* is also
the unique global maximizer.




Karush—Kuhn—Tucker (KKT) conditions

Consider the Lagrangian

L(x, A\, p) = f(x) — Z Aihi(x) + Z 148j(x).

@ Condition (1) is the first-order necessary condition for the maximization problem
maxxes L(x, \*, u*).
o Complementary slackness: When strong duality holds, we have

Fx*) = F(x*) = Y XThi(x*) + > pigi(x*),
i J

which results in condition (2) since gj(x*) = 0 Vj, and A\ > 0 and h;(x*) < 0 Vi.



Karush—Kuhn—Tucker (KKT) conditions

L
maxE log x,
X

r=0

xo+x <1, Vi=1,...,L and x2>0.
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