Average Reward Reinforcement Learning



Average Reward Problem
max I|m Z E[r(xx, uk)]

@ For simplicity, assume r(xx, uk) is deterministic given x, u.

@ The result can be extended to the case where r(xx, ux) is a random variable.




Challenge
Consider given policy 7 such that the Markov chain has a unique stationary
distribution

N—

Vo (i) = I|m Z r(xi, m(xk))|x0 = i] = Z’yjr(j

k:

which is independent of the initial state i since the stationary distribution is the same
regardless of the initial state. In other words,

Vg (i) = V§(j) foranyiandj.




Relative Value Function: Intuition

Consider a finite-horizon problem with N steps

N—1
VEM(i) = max Y Elr(x, ue)lxo = il.
k=0

Define
N—1

V,(,,N)(i) = max Z E[r(xk, uk)|xm = i].

k=m




Relative Value Function: Intuition

Consider a finite-horizon problem with N steps

N—1
VEM(i) = max Y Elr(x, ue)lxo = il.
k=0
Define
N—1
V,(,,N)(i) = max Z E[r(xk, uk)|xm = i].
k=m

The Bellman Equation

Vg () = max (r(f, u) + 3 Pi(u) vl‘”)m)




Relative Value Function: Intuition

Suppose the average reward converges to V*. Define hy(i) and hy_1(j) such that

(i) = VIV (i) = Nv*
hv-1() = VM () — (N - 1)v*

Substituting them into the Bellman equation, we have

NV* + hyy(i) = max r(i, u) + Z Pi(u) (N = 1)V* + hy_1()))

V* + hy(i) = max r(i, u) + Z Pyi(u)hn_1()j)-




Relative Value Function: Intuition

Suppose as N — oo, hy(i) — h(i) and hy—1(j) — h(j). Then, we have the following
Bellman equation for the average reward problem:

V* + h(i) = max r(i,u) + Z Pii(u)h(j).
J




Relative Value Function: Intuition

Suppose as N — oo, hy(i) — h(i) and hy—1(j) — h(j). Then, we have the following
Bellman equation for the average reward problem:

V* + h(i) = max r(i,u) + Z Pii(u)h(j).
J

h(i) : relative value function.
Note that VO(N)(i) ~ NV* + h(i) for large N.




Average Reward MDPs

Theorem: Optimality

If there exist V* and h satisfying the above Bellman equation, then the obtained policy
m* from this equation is the optimal stationary policy and V* is the optimal average
reward.

Proof
Rewrite the Bellman equation as

V* = maxr(i,u) + E[h(xk+1)|xk = i, ux = u] — h(i)
u
> r(i, k(1)) + E[h(xk+1)[xk = i, uk = k()] = h(i) Vi
Taking expectation over xx and 7, on both sides, we have

v > E[r(Xk,ﬂ'k(Xk))] + E[h(Xk+1)] — ]E[h(Xk)] V?Tk.




Average Reward MDPs

With the telescoping sum, we obtain

N—-1
NV* > IE[r(xk, Wk(Xk))] ol E[h(XN)] — E[h(Xo)]
k=0
1 = .1 1
= D Elr(x m(x))] < V* = TE[AGw)] + El(o)
k=0

which reduces to equality for 7*.




Example
@ A crowdsourcing worker is presented with type-i job with probability p;.

@ A job of type i can be completed in a time slot with probability g; (independent
of how long it has been with the worker) to complete.

The agent receives reward R; for completing a type-i job.

When the worker is working on a job, she cannot take on a new job.

Assume that if a job is accepted in time slot k, it cannot be completed in the
same time slot.

Find the optimal strategy to accept jobs to maximize average expected reward.

qi

piui



Example

Xy state of the system at the beginning of time slot k.
xx = 0 means the worker is idle.

X, = I means the worker is working on a job of type i.

1, accept a type-i job
u, =
' 0, reject a type-i job




Example

Xy state of the system at the beginning of time slot k.
xx = 0 means the worker is idle.

X, = I means the worker is working on a job of type i.

1, accept a type-i job
uj =
' 0, reject a type-i job

The Bellman Equation
V* 4+ h(0) = >, pi max( h(i) , h(0)), for state 0
~—

accept reject

V* + h(i) = qi(Ri + h(0)) + (1 — qi)h(i), otherwise




Example

Note that adding a constant ¢ to h(i) Vi does not change the above equations, so we
set h(0) = 0 without loss of generality.

V= Zpi max(0, h(i))

and

v +M: qiRi + (X — qi)h(i) = V* = qi(R; — h(i))




Example

Note that adding a constant ¢ to h(i) Vi does not change the above equations, so we
set h(0) = 0 without loss of generality.

V= Zpi max(0, h(i))

and

v +M: qiRi + (X — qi)h(i) = V* = qi(R; — h(i))

Note that h(i) = R; — %, so we have

V*
Vv* :Zp;max{R;— qi,O}.
1




Example

Z’" max(0, R; — v—)
: ai

An optimal V* exists since the LHS is 1 and RHS is | in V*.

V*
h(i)=R — —
qi
Thus the optimal policy is:
{accept, if Rj > %

reject, otherwise




Model-based Algorithm: Relative Value Iteration

Recall the value iteration algorithm:
@ Set Wo(i)=0 Vi, k=0
0 Vi1(i) = maxy r(i, u) + a2 Py(u) Vi(j)

If we apply the value iteration algorithm for the average reward problem with o = 1,
then V) can be thought of as the k-step reward. Thus, V) will keep increasing and the
procedure can be numerically unstable.

o




Model-based Algorithm: Relative Value Iteration

Let x be an arbitrary state and define

Vk(i) = Vk(i) — Vk(X)
which is the relative value w.r.t state x. As k increases, if VkT(') — V* independent of
i, the following procedure will be numerically stable

Relative Value Iteration: Algorithm 1
o Step 1: Vo(i)=0 Vi
o Step 2: Vii1(i) = max, r(i, u) + >; Pyj(u) V()
Vit (1) = Vi1 (i) = Vi (x)
@ repeat step 2.




Model-based Algorithm: Relative Value Iteration

A variant of relative value iteration: Algorithm 2

Vi (i) = maxr(i, u) + Z Pyi(u) Vi(j) — Vi(x)




Model-based Algorithm: Policy lteration

o Fix policy my
@ Compute Vi and hy from

Vk—i-hk()—r/Trk +ZP,J7Tk hk(j Vi

he(0) =0

@ Obtain 7,1 from

mk+1(f) € arg maxr iyu)+ Z Pii(u)hi(j)
j

o If Vikt1 = Vi and hy 1 = hg, stop.




Model-Free Algorithm: Average Reward Q-learning

Relative Q-Functions

h(i) = max r(i, u) + Z P(u)h(j) — V* = max Q(i, u)

J

[\

Q(i,u) (Zi:afinition)




Model-Free Algorithm: Average Reward Q-learning

Relative Q-Functions

h(i) = max r(i, u) + Z P(u)h(j) — V* = max Q(i, u)

J

[\

Q(i,u) (Zi:afinition)

Qi,u) = r(i,u) + Z P;i(u)h(j) — V*

=r(i,u)+ Z Pij(u) max QU,v)— V*

J




Relative Value lteration for Q-Learning

Recall value iteration algorithm (Algorithm 2):

Vi1 (i) = max r(i, u) + Z Pii(u)Vi(j) — Vi (0)

= max r(i, u) + Z Pij(u) max Qx(j,v) — max Q«(0,v)
J

Qu1(i,u) = r(i,u) + Y Py(u) max Qe(j, v) — max Qi(0, v).
J




Relative Value lteration for Q-Learning

Qu1(f, u) = (1 — Br) Qi(i, u) + B (r(i, u) + Z Pij(u) max Qk(j,v) — max Qk(0, v))
J

or

Qu1(F; u) = Qu(i, u) + Bi (f(i, u) + Y Py(u) max Qu(j, v) — Qu(i, u) — max Qu(0, v
J

v




Model-based Algorithm: Policy lteration

o Fix policy my
@ Compute Vi and hy from

Vk—i-hk()—r/Trk +ZP,J7Tk hk(j Vi

he(0) =0

@ Obtain 7,1 from

mk+1(f) € arg maxr iyu)+ Z Pii(u)hi(j)
j

o If Vikt1 = Vi and hy 1 = hg, stop.




Convergence of Policy Iteration

Improvement Theorem
Given V and h(i). Suppose that the stationary policy 7 satisfies

r(i,m(i)) + Z P(m(i))h(j) > V + h(i) Vi.

Then the long-run average reward of policy 7, denoted by V™ satisfies V™ > V. The
strict inequality holds if a strict inequality holds for some i, which is a positive
recurrent state under 7.




Convergence of Policy Iteration

Proof
Multiplying both sides of the inequality by the stationary distribution y/ and summing
over i, we have

Zy, i +Zy, ZPU )> V4> ylh(i)
Note that

SO Y Pam(AG) = 3 hU) 3097 Pylr(i) = - h)y7-
i J J /

Therefore, we have




Average Reward MDPs and Discounted MDPs

Blackwell Optimality
A stationary policy 7* is called Blackwell optimal if it is optimal for all o € (&, 1).
@ Such a policy exists for MDPs with finite state and action spaces.

@ 7* is optimal for the average reward problem.




Proof

Existence
Assume finite action and state spaces.
@ There are only a finite number of deterministic policies.
@ Given any discounted factor «, there exists a deterministic optimal policy, denoted
by 7q.
The two observations above imply there exist a monotonic sequence o, — 1 and 7*
such that 7., (-) = 7*(-) for n > A, or

Qo (7, 7(7)) 2 Qa, (75 1)

for all u and n.




Proof

Existence
Suppose that 7* is not Blackwell optimal. Then for each , such that n > f, there
exists a state, i,, such that my,(in) # 7*(in), which means

Qav, (ins T, (in)) > Qo (iny 7 (in))-

Since the state and action spaces are both finite, there exists a subsequence of {iy},
denoted by {in, } such that i,, = i for some i and 74, (in,) = i for some i and & for
all ng,.

In summary, there exists a sequence o, such that

lima, =1 and  Qa,(i,d) > Qu, (i, 7 ().




Proof

Existence

Now define f(a) = Qu(i,7*(7)) and g(a) = Qu (i, ). We have two sequences {a,}
and {am} such that

f(an) > glan) Vn
flam) < glam) vm.
In other words, f(a) — g(«) has to cross zero infinitely many times (or has infinitely

many roots) over « € [0, 1]. This cannot happen when f(a) — g(«) is a continuous
and rational function.




Proof

Average reward optimal

It can be shown that under any stationary policy

VT (x) = ﬁ\?“ + K (x) + O(1 - ).

Let m* be a Blackwell optimal policy and 7 be the average-reward optimal. We have
VI(x) < VI (%)

or
V™ + ™ (x) + O(1 — )

1 __ - 1
™ T _ <
V() +0(1—-a) < —

or

VT + (1= a)h™(x) + O((1 = a)?) < V™ + (1 - a)h™ (x) + O((1 — a)?)




Proof

Average reward optimal
Vi + (1 —a)h(x)+o((1—a)?) < V™ + (1 —a)h™ (x)+o((1 — a)?)

By letting o — 1, we have
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