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1Section 7.3: Yang&Ying



Deterministic policy gradient (DPG)

Deterministic Policy

A parameterized critic w to estimate the Q-function: Qw (s, a).

A parameterized actor θ that outputs an action µθ(s) given state s.

Deterministic Policy Gradient Theorem

∇θQw (x0, µθ(x0)) =
1

1− α
Ex∼ρθ

[
∇uQw (x , u)|u=µθ(x)∇θµθ(x)

]
,

where

ρθ(x) = (1− α)
∞∑
k=0

αk Pr (xk = x) .



Proof

∇θQw (x0, µθ(x0))

=∇θ

(
r(x0, µθ(x0)) + α

∫
S
Qw (x1, µθ(x1))f (x1|x0;µθ(x0))dx1

)
=∇ur(x0, u)|u=µθ(x0)∇θµθ(x0)

+ α

(∫
S
Qw (x1, µθ(x1))∇uf (x1|x0; u)|u=µθ(x0)∇θµθ(x0)dx1

)
+

+ α

∫
S
∇θQw (x1, µθ(x1))f (x1|x0;µθ(x0))dx1

=∇θµθ(x0) ∇u

(
r(x0, u) + α

(∫
S
Qw (x1, µθ(x1))f (x1|x0; u)dx1

))∣∣∣∣
u=µθ(x0)

+ α

∫
S
∇θQw (x1, µθ(x1))f (x1|x0;µθ(x0))dx1



Proof

∇θQw (x0, µθ(x0))

=∇θµθ(x0) ∇uQw (x0, u)|u=µθ(x0)
+ αEx1 [∇θQw (x1, µθ(x1))] .

Repeatedly using the equation above, we obtain

∇θQw (x0, µθ(x0)) =
1

1− α
Ex∼ρθ

[
∇uQw (x , u)|u=µθ(x)∇θµθ(x)

]
.



Off-Policy Deterministic policy gradient (DPG)

Off Policy Deterministic Policy Gradient (Approximation)

∇θQw (x0, µθ(x0)) ≈
1

1− α
Ex∼ρθ̃

[
∇uQw (x , u)|u=µθ(x)∇θµθ(x)

]
,

where µθ̃ is the behavior policy.



Deep deterministic policy gradient (DDPG)

Critic

Q-network Qw (s, a): trained with mini-batch and temporal-difference.
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Deep deterministic policy gradient (DDPG)

Critic

Q-network Qw (s, a): trained with mini-batch and temporal-difference.

Actor

Deterministic policy-network µθ(x) : trained with loss function

L(θ) = −
∑

sb∈minibatch

Qw (sb, µθ(sb)).

Twin Delayed DDPG (TD3) (Fujimoto, van Hoof, Meger, 2018): Clipped double-Q +
deterministic PG.



Reward Shaping



Motivation

Consider the following problem:

Figure: An MDP Example

Can we shape the reward function to encourage the agent to move towards the right?



Motivation

A naive approach: add an extra reward for going towards the right?

Figure: Extra rewards for going right

Issue: Now it is better for the agent to cycle repeatedly in the first circle than to go to
the right.
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Reward Shaping

Policy Invariance Reward Shaping

The optimal policy remains the same after reward shaping.

Definition: Reward Shaping

Transfer a MDP M = (S,A,P, α;R) to an MDP with a different reward function
M̃ = (S,A,P, α; R̃), where

R̃ = R + F ,

where F : S ×A× S → R is a bounded real-valued function called the shaping reward
function.
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Potential-based Shaping Function

Potential-based Shaping Function

F is a potential-based shaping function if there exists a real-valued function ϕ : S → R
such that for all x , a ∈ A, and x ′ ∈ S,

F (x , a, x ′) = αϕ(x ′)− ϕ(x).

Theorem

Result 1: If F is a potential-based shaping function, then every optimal policy for M
will also be an optimal policy for M̃ (and vice versa).
Result 2: If F is not a potential-based shaping function (e.g. no such ϕ exists
satisfying the equation), then there exist a (proper) transition kernel and a reward
function such that no optimal policy in M̃ is optimal in M.
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Proof

Let Q∗ (Q̃∗) be the optimal Q-function for the MDP M (M̃). From the definition, we
have

Q∗(x , a) = E [R(x , a, x ′) + αmax
u

Q∗(x ′, u)],

so

Q∗(x , a)− ϕ(x) = E [R(x , a, x ′) + αϕ(x ′)− ϕ(x) + αmax
u

(Q∗(x ′, u)− ϕ(x ′))].

Define Q̂(x , a) = Q∗(x , a)− ϕ(x). Since F (x , a, x ′) = αϕ(x ′)− ϕ(x), from the
equation above, we obtain

Q̂(x , a) = E [R(x , a, x ′) + F (x , a, x ′) + αmax
u

Q̂(x ′, u)]

= E
[
R̃(x , a, x ′) + αmax

u
Q̂(x ′, u)

]



Theory

Proof of sufficiency (continue)

Therefore Q̂ = Q̃∗ is the optimal Q-function for M̃. The optimal policy for M̃ is

π̃∗ ∈ argmax
u

Q̂(x , u)

= argmax
u

Q∗(x , u)− ϕ(x)

= argmax
u

Q∗(x , u).

Hence, π̃∗ is the same as the optimal policy π∗.
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The slides on reward shaping are based on the mini-project presentation in the
Fall 2020 course (Group members: Wenjing Zhou, Jiachen Liu, Xinhao Sun,
Yueyang Zhang, Ruixuan Zhang).


