Convergence and Optimality of Model-Based Solutions



Infinite-Horizon Discounted MDP

Define the value function of a given policy
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Note that ay = ZLV:o a®r(xk, u(xx)) is an increasing, upper-bounded sequence, so it
has a finite limit. Therefore, V(i) is well-defined.




Infinite-Horizon Discounted MDPs

Then, it satifies the following Bellman equation
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Infinite-Horizon Discounted MDPs

Contraction Mapping Theorem

Let T be a mapping from R> to R°. Assume T is a contraction mapping:
ITC) =T < alx =yl Vx,yeR®

where a € [0,1) and || - || is some norm. Then,

© There exists a unique x* such that
x* = T(x*) (fixed point)

@ The iteration Xj,1 = T(Xk) converges to x* from any X € R®

We will prove this theorem later.




Infinite-Horizon Discounted MDPs

Uniqueness (for a given policy)

Given a stationary policy p, there exists a unique V = V(2) | which satisfies the

following Bellman equation

V(i) = 7(i,n(D) +a ) Pi(p())V (), Vi
j

For convenience, let Pj; = P;(u(i)).




Infinite-Horizon Discounted MDPs

Proof of Uniqueness
Define T,(V) =7, + aPV. Then

Tu(x) = Tu(y) = aP(x — y)
1T (<) = Tu(y)lloo = avmax |P(x = y);

= amax|}  Pi( — )
J

< amax Y Pjmax |x; — yj|
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J N————
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Infinite-Horizon Discounted MDPs

Proof of Uniqueness (Cont’d)

amaxd_ Py x = ylle = allx — vl
J
=1

Thus T, is a contraction mapping = V = T,(V) has a unique solution. W




Proof of contraction mapping theorem (Convergence)

Fix xp and define x; = T(x0),x = T(x1) = T?(x0),. ..

X1 = Xall < (Xn41 = Xnpi=1ll + -+ + [IXn41 = Xal|

[IXn+1 = Xall = [ T() = T(xa-1)l
< allxp = xp1]| <0 <@l — o

Thus,

Ixnrr = xall < (@™ 4™ 72 4 o) o
<a"(l+a+...)||x1 — o

n

<

lIx1 — xo|| (independent of /)
—




Proof of contraction mapping theorem (Convergence)
Given € > 0, dN, such that

|Xnt1 — xnl| <€ VYn>Neand [ >1
= |0 — xm|| <€ VYn,m> N,

xp is a Cauchy sequence (terms get arbitrarily close to each other as n increases). A
Cauchy sequence in R® converges to some limit, denoted by x*.




Proof of contraction mapping theorem (Fixed point)

Now, from the convergence, we have

X = i, %o = i, To-1).
Since T is a contraction mapping,

[T0m) = TOA) < allxs — 7.
From the convergence, we have

0< lim [ T(m) — T()] < @ fim_[lxp —x°| = 0.

Therefore,
ILm T(xn) = T(x*).




Proof of contraction mapping theorem (Uniqueness)

Suppose y* # x* such that T(y*) = y*. Then,
ly* =x* I =IT»") = T < ally™ = x|

But o < 1, so it must be
ly* —=x*|=0

y*:X*




Value lteration: Existence, Uniqueness and Convergence

oni].

Value Function

V(i) = sup E [Z ar(xks k(%)

HO5 415 k=0

@ Theorem 1: Prove the Bellman equation for V*
@ Theorem 2: Prove that the value iteration is a contraction mapping

@ Theorem 3: Show that an optimal policy can be obtained from V*.




Value lteration: Existence, Uniqueness and Convergence

Theorem 1: The Bellman Equation for V*
V*(i) satisfies
V*(i) = max E[r(i,u) + aV*(x1)|xo = i, ugp = u]
u
or

V(i) = max E[r(i, u)] + a Z Pii(u)V*(j).

J




Value lteration: Existence, Uniqueness and Convergence

Proof of Theorem 1
Define
o 1= {uo, p1, ...} where py is a function of past history and current state

up = }U’k(XOw ..,Xk,UO,...,Uk_l,r(),...,rk_l)

o 1% = {{uk, ftks1, ... }: policy starting from time k.
By definition, we have

V(i) = E | r(i, o) + a3 Py(p0(i)) Vyu (i) o = i
J




Value lteration: Existence, Uniqueness and Convergence

Proof of Theorem 1
Note that V*(j) > V,a(j) Vj. So

Viu(i) < Efr(i; po(i))] + e Z Pij(ko(1))V* ()

J

< max {E[r(i, u)] + ozz Pii(u) V*(j)}

J




Value lteration: Existence, Uniqueness and Convergence

Proof of Theorem 1
Taking sup on both sides yields

V(i) :szp V(i) < SL:Lp max {E[r(i, u)| + az Pj(u) V*(J)}

J

:ml?x {E[r(i, u)] —|—O£Z Pu(u)\/*(f)}

j
=max E[r(i,up) + aV*(x1)|x0 = i, uo]
uo




Value lteration: Existence, Uniqueness and Convergence

Proof of Theorem 1

Next consider for each i. Let u(?) be a policy such that
Vi (i) > V(i) — e

Note that u(7) exists by the definition of V*(i).
At time 0, choose action wuy and then follow policy ;) if in state j
V(i) = E[r(i, wo)] + @ Y Py(u0) V0

J
> E[r(i,u0) + aV*(x1)|xo = i, ug] — ae Yup




Value lteration: Existence, Uniqueness and Convergence

Proof of Theorem 1

We have
V*(i) > max E[r(i, up) + aV*(x1)|x0 = i, ug] — cve
uo

Letting ¢ — 0, we obtain

V*(i) > max E[r(i, up) + aV*(x1)|x0 = i, ug]
o




Value lteration: Existence, Uniqueness and Convergence

Theorem 2: Contraction Mapping
Let

T(V)(7) = max | E[r(i, u)] + o Z Pi(u)V())

J

Then the value iteration algorithm can be written as
Viet1 = T(Vk)

and the Bellman Equation can be written as
V*=T(V").

T is a contraction mapping given « € [0, 1).




Value lteration: Existence, Uniqueness and Convergence

Proof of Theorem 2
Two facts that are easy to prove
e Fact 1: If V4 < V5 (entry-wise), then

T(V1) < T(V2)

1
@ Fact 2: Lete= |1 , then

T(V+~e)=T(V)+aye Vv (scalar).




Value lteration: Existence, Uniqueness and Convergence

Proof of Theorem 2

Define b = max; ‘Vl(l) = V2(1)| = HVI = Vz”oo, then

V2—be§ V1§ V2+be
T(Vo—be) < T(Vh) < T(Vo+ be) (Factl)
T(V2) —abe < T(V1) < T(V2) + abe (Fact 2)
IT(V1) = T(V2)lloo < ab=al|lV1 — V2|l

(Contraction mapping)

Thus, V* = T(V*) has a unique solution.




Value lteration: Existence, Uniqueness and Convergence

Theorem 3: Obtain an Optimal Policy

W (i) € argmax E[r(i, u)] + o Z Pi(u)V*())

where V* = T(V*). Then p* is an optimal policy.




Value lteration: Existence, Uniqueness and Convergence

Proof of Theorem 3
Considering stationary policy u*,

T (V) = E[r(i, ()] + o Z Pi(u*(N)V*()

= max E[r(i,u)] + OzZ Pii(u)V*(j) = V*(i). (Theorem 1)
— TV =V

Therefore, V* is a fixed point of T,«. Since T,+ has a unique fixed point,

Vi = V.
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