
Convergence and Optimality of Model-Based Solutions



Infinite-Horizon Discounted MDP

Define the value function of a given policy µ

Vµ(i) = lim
N→∞

E

[
N∑

k=0

αk r(xk , µ(xk))

∣∣∣∣∣x0 = i

]

Note that aN =
∑N

k=0 α
k r(xk , µ(xk)) is an increasing, upper-bounded sequence, so it

has a finite limit. Therefore, Vµ(i) is well-defined.



Infinite-Horizon Discounted MDPs

Then, it satifies the following Bellman equation

Vµ(i) = lim
N→∞

E

[
r(i , µ(i)) +

N∑
k=1

αk r(xk , µ(xk))

∣∣∣∣∣x0 = i

]

= r̄(i , µ(i)) +
∑
j

Pij(µ(i)) lim
N→∞

E

[
N∑

k=1

αk r(xk , µ(xk))

∣∣∣∣∣x1 = j

]

= r̄(i , µ(i)) +
∑
j

Pij(µ(i))α lim
N→∞

E

[
N∑

k=1

αk−1r(xk , µ(xk))

∣∣∣∣∣x1 = j

]
= r̄(i , µ(i)) + α

∑
j

Pij(µ(i))Vµ(j).



Infinite-Horizon Discounted MDPs

Contraction Mapping Theorem

Let T be a mapping from RS to RS . Assume T is a contraction mapping:

∥T (x)− T (y)∥ ≤ α∥x − y∥ ∀x , y ∈ RS

where α ∈ [0, 1) and ∥ · ∥ is some norm. Then,

1 There exists a unique x∗ such that

x∗ = T (x∗) (fixed point)

2 The iteration Xk+1 = T (Xk) converges to x∗ from any X0 ∈ RS

We will prove this theorem later.



Infinite-Horizon Discounted MDPs

Uniqueness (for a given policy)

Given a stationary policy µ, there exists a unique V =

V (1)
V (2)
...

 which satisfies the

following Bellman equation

V (i) = r̄(i , µ(i)) + α
∑
j

Pij(µ(i))V (j), ∀i (1)

For convenience, let Pij = Pij(µ(i)).



Infinite-Horizon Discounted MDPs

Proof of Uniqueness

Define Tµ(V ) = r̄µ + αPV . Then

Tµ(x)− Tµ(y) = αP(x − y)

∥Tµ(x)− Tµ(y)∥∞ = αmax
i

|P(x − y)|i

= αmax
i

|
∑
j

Pij(xj − yj)|

≤ αmax
i

∑
j

Pij max
j

|xj − yj |︸ ︷︷ ︸
∥x−y∥∞

= αmax
i

∑
j

Pij∥x − y∥∞



Infinite-Horizon Discounted MDPs

Proof of Uniqueness (Cont’d)

αmax
i

∑
j

Pij︸ ︷︷ ︸
=1

∥x − y∥∞ = α∥x − y∥∞

Thus Tµ is a contraction mapping =⇒ V = Tµ(V ) has a unique solution. ■



Proof of contraction mapping theorem (Convergence)

Fix x0 and define x1 = T (x0), x2 = T (x1) = T 2(x0), . . .

∥xn+l − xn∥ ≤ ∥xn+l − xn+l−1∥+ · · ·+ ∥xn+1 − xn∥

∥xn+1 − xn∥ = ∥T (xn)− T (xn−1)∥
≤ α∥xn − xn−1∥ ≤ · · · ≤ αn∥x1 − x0∥

Thus,

∥xn+l − xn∥ ≤ (αn+l−1 + αn+l−2 + · · ·+ αn)∥x1 − x0∥
≤ αn(1 + α+ . . . )∥x1 − x0∥

≤ αn

1− α
∥x1 − x0∥ (independent of l)



Proof of contraction mapping theorem (Convergence)

Given ϵ > 0,∃Nϵ such that

∥xn+l − xn∥ ≤ ϵ ∀n ≥ Nϵ and l ≥ 1

=⇒ ∥xn − xm∥ ≤ ϵ ∀n,m ≥ Nϵ

xn is a Cauchy sequence (terms get arbitrarily close to each other as n increases). A
Cauchy sequence in RS converges to some limit, denoted by x∗.



Proof of contraction mapping theorem (Fixed point)

Now, from the convergence, we have

x∗ = lim
n→∞

xn = lim
n→∞

T (xn−1).

Since T is a contraction mapping,

∥T (xn)− T (x∗)∥ ≤ α∥xn − x∗∥.

From the convergence, we have

0 ≤ lim
n→∞

∥T (xn)− T (x∗)∥ ≤ α lim
n→∞

∥xn − x∗∥ = 0.

Therefore,
lim
n→∞

T (xn) = T (x∗).



Proof of contraction mapping theorem (Uniqueness)

Suppose y∗ ̸= x∗ such that T (y∗) = y∗. Then,

∥y∗ − x∗∥ = ∥T (y∗)− T (x∗)∥ ≤ α∥y∗ − x∗∥

But α < 1, so it must be
∥y∗ − x∗∥ = 0

y∗ = x∗



Value Iteration: Existence, Uniqueness and Convergence

Value Function

V ∗(i) = sup
µ0,µ1,...

E

[ ∞∑
k=0

αk r(xk , µk(xk))

∣∣∣∣∣x0 = i

]
.

Theorem 1: Prove the Bellman equation for V ∗

Theorem 2: Prove that the value iteration is a contraction mapping

Theorem 3: Show that an optimal policy can be obtained from V ∗.



Value Iteration: Existence, Uniqueness and Convergence

Theorem 1: The Bellman Equation for V ∗

V ∗(i) satisfies
V ∗(i) = max

u
E [r(i , u) + αV ∗(x1)|x0 = i , u0 = u]

or

V ∗(i) = max
u

E [r(i , u)] + α
∑
j

Pij(u)V
∗(j).



Value Iteration: Existence, Uniqueness and Convergence

Proof of Theorem 1

Define

µ = {µ0, µ1, . . . } where µk is a function of past history and current state

uk = µk(x0, . . . , xk , u0, . . . , uk−1, r0, . . . , rk−1)

µk = {µk , µk+1, . . . }: policy starting from time k.

By definition, we have

Vµ(i) = E

r(i , µ0(i)) + α
∑
j

Pij(µ0(i))Vµ1(j)

∣∣∣∣∣∣x0 = i

 .



Value Iteration: Existence, Uniqueness and Convergence

Proof of Theorem 1

Note that V ∗(j) ≥ Vµ1(j) ∀j . So

Vµ(i) ≤ E [r(i , µ0(i))] + α
∑
j

Pij(µ0(i))V
∗(j)

≤ max
u

E [r(i , u)] + α
∑
j

Pij(u)V
∗(j)





Value Iteration: Existence, Uniqueness and Convergence

Proof of Theorem 1

Taking sup on both sides yields

V ∗(i) = sup
µ

Vµ(i) ≤ sup
µ

max
u

E [r(i , u)] + α
∑
j

Pij(u)V
∗(j)


=max

u

E [r(i , u)] + α
∑
j

Pij(u)V
∗(j)


=max

u0
E [r(i , u0) + αV ∗(x1)|x0 = i , u0]



Value Iteration: Existence, Uniqueness and Convergence

Proof of Theorem 1

Next consider for each i . Let µ(i) be a policy such that

Vµ(i)(i) ≥ V ∗(i)− ϵ

Note that µ(i) exists by the definition of V ∗(i).

At time 0, choose action u0 and then follow policy µ(j) if in state j

V ∗(i) ≥ E [r(i , u0)] + α
∑
j

Pij(u0)Vµ(j)

≥ E [r(i , u0) + αV ∗(x1)|x0 = i , u0]− αϵ ∀u0



Value Iteration: Existence, Uniqueness and Convergence

Proof of Theorem 1

We have
V ∗(i) ≥ max

u0
E [r(i , u0) + αV ∗(x1)|x0 = i , u0]− αϵ

Letting ϵ → 0, we obtain

V ∗(i) ≥ max
u0

E [r(i , u0) + αV ∗(x1)|x0 = i , u0] (2)



Value Iteration: Existence, Uniqueness and Convergence

Theorem 2: Contraction Mapping

Let

T (V )(i) = max
u

E [r(i , u)] + α
∑
j

Pij(u)V (j)


Then the value iteration algorithm can be written as

Vk+1 = T (Vk)

and the Bellman Equation can be written as

V ∗ = T (V ∗).

T is a contraction mapping given α ∈ [0, 1).



Value Iteration: Existence, Uniqueness and Convergence

Proof of Theorem 2

Two facts that are easy to prove

Fact 1: If V1 ≤ V2 (entry-wise), then

T (V1) ≤ T (V2)

Fact 2: Let e =

1
1
...

, then

T (V + γe) = T (V ) + αγe ∀γ (scalar).



Value Iteration: Existence, Uniqueness and Convergence

Proof of Theorem 2

Define b = maxi |V1(i)− V2(i)| = ∥V1 − V2∥∞, then

V2 − be ≤ V1 ≤ V2 + be

T (V2 − be) ≤ T (V1) ≤ T (V2 + be) (Fact 1)

T (V2)− αbe ≤ T (V1) ≤ T (V2) + αbe (Fact 2)

∥T (V1)− T (V2)∥∞ ≤ αb = α∥V1 − V2∥∞
(Contraction mapping)

Thus, V ∗ = T (V ∗) has a unique solution.



Value Iteration: Existence, Uniqueness and Convergence

Theorem 3: Obtain an Optimal Policy

µ∗(i) ∈ argmax
u

E [r(i , u)] + α
∑
j

Pij(u)V
∗(j)

where V ∗ = T (V ∗). Then µ∗ is an optimal policy.



Value Iteration: Existence, Uniqueness and Convergence

Proof of Theorem 3

Considering stationary policy µ∗,

Tµ∗(V ∗)(i) = E [r(i , µ∗(i))] + α
∑
j

Pij(µ
∗(i))V ∗(j)

= max
u

E [r(i , u)] + α
∑
j

Pij(u)V
∗(j) = V ∗(i). (Theorem 1)

=⇒ Tµ∗(V ∗) = V ∗

Therefore, V ∗ is a fixed point of Tµ∗ . Since Tµ∗ has a unique fixed point,

Vµ∗ = V ∗.
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