Convergence and Optimality of Value lteration



Value lteration: Existence, Uniqueness and Convergence

Theorem 2: Contraction Mapping

Let V-\'R
T#)(i) = max (E[r(i, u)] + az P”(UQ/(J)% A 2/)
J
Then the value iteration algorithm can be written as = o JZ P’.) w) V(J)
Vierr = T (Vi) + Q(? r\_) Gy g
J
and the Bellman Equation can be written as (_\?—'/_/
VF = T(VH). S

T is a contraction mapping given « € [0, 1).




Value lteration: Existence, Uniqueness and Convergence

Proof of Theorem 2 Vieh - Va(\) J
Two facts that are easy to prove Vi ) Val2)
@ Fact 1: If V4 < V5 (entry-wise), then (\}th VIC) € \all)
V‘;T( Vi) gv( Va) Viczo <\hce)

1
@ Fact 2: Lete= |1 , then

T(V 4+ve)=T(V)+aye Vy (scalar).




Value lteration: Existence, Uniqueness and Convergence

Proof of Theorem 2
Define b = max; ‘Vl( ) Vg( )| = HVI Vz”oo, then

= AN ——
§V1§V2+be
A~

T(Vo—be) < T(Vh) < T(Vo+ be) (Fact 1)
T(V2) —abe < T(V1) < T(V2) + abe (Fact 2)
[T(V1) = T(V2)lloo < ab=alVi = Vo[

(Contraction mapping)

Thus, V* = T(V*) has a unique solution.
AN




Value lteration: Existence, Uniqueness and Convergence

Theorem 3: Obtain an Optimal Policy
() € agma{EL o] + o 3 Pi(0)V'())
~— J

where V* = T(V*). Then p* is an optimal policy.

A




Value lteration: Existence, Uniqueness and Convergence

Proof of Theorem 3
Considering stationary policy u*,

Ty (Vi) = E[r(i, " (D] + Y Py(u™(D)V*()

= max E[r(i,u)] + az Pii(u)V*(j) = V*(i). (Theorem 1)
= e ="' Aans

Therefore, V* is a fixed point of T,«. Since T,+ has a unique fixed point,

V’u* = V*. S a\‘ed ?‘\)—j
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