Convergence of Q-Learning



Q-learning (Watkins ’89)

Q-learning (off-policy)
Let Q be the estimate of Q. Given an experience (current state xx = i, current action

a; = u, received reward r(i, u), and next state xx11 = j), Q-learning updates Q as
follows:

Qi, u) +—(1 = ) Qi u) + Bi(r(i, u) + amax Q(j, v))

NP m—

=Q(i, u) + B (r(i, u) + amax Qi v) - Q(i. v))




A Modified Q-Learning Algorithm

To simplify the proof, Consider a modified Q-learning such that we use N experiences
at each iteration. ~—
e

@ ;. is the faction of experiences such that the current state is / and current action

is u. We assume v; , > 0 for any (i, u) € (S, A).

@ pjj(u) is the fraction of experiences that the next state is j given the current state
ANA—— | . N —.
and action are (i, u).

@ Assume r(i, u) is deterministic.

Remark

The modified algorithm with learning rate 8 approximates the original Q-learning with
learning rate % When (3 is small, the Q-values does not change much over N updates
under the original Q-learning.
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We will compare ||Qx — Q|00 and ||Qk+1 — QF||co- Note that
N~ A s

Quiali,u) =(1 = B)Qu(iv) + dr(u )+ oy py(u) max Qul. v>)
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Qu1(7, u) = Q7(7, u) =(1 = B) (Qu(i, u) — Q7(/, u))
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Convergence (Pseudo Contraction Mapping)

Qur1(f; u) = Q7(7, u)
=(1 = B) (Qu(i, u) = Q(i, u))

i(u) max Qr(,v)

ZP’J max Qk(j,v)
(1~ 8)(Quli,u) — Q"(/, ) +aﬁz pi(u) — (1)) max Qu(j,v)

+056sz (maXQk J7 )_m‘?XQ*(jv V))
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Qk—l—l(i; U) o Q*(I, U) = EEE [@ ’(“V \&F.—J J'ZQ
=1 - B)(Qk(i,u) = @ (i,u)) +aB » pj(u) (max Q(j, v) — max Q*(j, v Wi,
PO G o) g0 S 1)
= aB Y (pi(u) — pij(u)) max, Qk(j, v). Note that E[p;(u)] = p;(u) so
E [W|Q«] = 0. - Ef\N\;’(:ﬂk t Elpy(u)] = py(u)
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We note that

‘m‘?x Qx(j,v) — max Q*(J,v)| < m3x|Qk(j, v) — Q*(j,v)| (Homework)
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so for any (i, u), we have
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The inequality above holds for any (i, u), so we have
* (|2 ‘ r f
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Note that e
cB?log® N )y ¢s®

Ewi < T E=

for some ¢ > 0, where c is a constant independent of N, 8 and k. (details in the
textbook)
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