
Policy Gradient and Actor-Critic Algorithms1

1Sections 6.1: Yang&Ying



Q-learning follows value iteration

Q̃(i , u)← Q̃(i , u) + βk

(
r(i , u) + αmax

v
Q̃(j , v)− Q̃(i , u)

)
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Works well when the action space is finite.



Policy Iteration

How about applications with infinite (countable or uncountable) action spaces?
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Policy Iteration

Given policy µk ,

policy evaluation to compute Vµk

Vµk
(i) = E [r(i , u)] + α

∑
j

Pij(u)Vµk
(j)

policy improvement to obtain a new policy µk+1



Deep Actor-Critic Algorithms

Actor-critic: generalized policy-iteration

Critic: estimate the value of the current policy (Q-function in general, because the
actor needs the action values)
TD(λ), double-Q, clipped double-Q, etc.

Actor:
▶ ϵ-greedy based on the current Q-function
▶ policy-gradient



Actor-Critic

Parameterized Policy

πw (u|x): probability of choosing action u in state x . The policy (probability) is
parameterized by w .



Examples

Finite action space: Gibbs policy (Softmax Policy or Boltzman exploration)

πw (a|x) =
exp (wTϕ(x , a))∑
u∈A exp (wTϕ(x , u))

where ϕ(x , u) is the feature vector.



Examples

Finite action space: Gibbs policy (Softmax Policy or Boltzman exploration)

πw (a|x) =
exp (wTϕ(x , a))∑
u∈A exp (wTϕ(x , u))

where ϕ(x , u) is the feature vector.

Continuous action space: Gaussian policy

πw (a|x) =
1√

(2π)ddet(Σw (x))
exp {−(a− µw (x))

TΣ−1
w (x)(a− µw (x))}

where µw (x) = ϕT (x)w and Σw (x) = σ2I .



Policy Gradient

w ← w + β∇wVw (x0)

Recall that
Vw (x0) =

∑
u

Qw (x0, u)πw (u|x0).



Policy Gradient Theorem

∇wVw (x0) =E

[ ∞∑
k=0

αk∇w log πw (uk |xk)Qw (xk , uk)

]
=Ex∼ρw ,u∼πw (u|x) [Qw (x , u)∇w log πw (u|x)] ,

where

ρw (x) = (1− α)
∞∑
k=0

αkP (xk = x) ,

called discounted state distribution.



Policy Gradient Algorithms

∇w log πw (u|x): score function

Examples

Gibbs policy:
∇w log πw (u|x) = ϕ(x , u)− Eπw [ϕ(x , ·)]

Gaussian policy:

∇w log πw (u|x) =
(u − µ(x))ϕ(x)

σ2

where µ(x) = ϕT (x)w



Policy-Gradient Theorem

Recall πw (u|x) denotes a randomized (or deterministic) policy with parameter w ,

πw (u|x) = P(action = u|state = x)

Recall that

Vw (x0) = Euk∼πw (uk |xk )

[ ∞∑
k=0

αk r(xk , uk)

]
.



Policy-Gradient Theorem

Proof

Assume the initial state x0 = i .

Vw (i) =
∑
u

Qw (i , u)πw (u|i)

∇Vw (i) =
∑
u

(∇wQw (i , u)πw (u|i) + Qw (i , u)∇wπw (u|i)) .



Policy-Gradient Theorem

∑
u

∇wQw (i , u)πw (u|i) =
∑
u

∇w

E [r(i , u)] + α
∑
j

Pij(u)Vw (j)

πw (u|i)

=α
∑
u

∑
j

Pij(u)∇wVw (j)

πw (u|i)

=αEx0=i ,u0∼πw (u|x0) [∇wVw (x1)]

∑
u

Qw (i , u)∇wπw (u|i) =
∑
u

Qw (i , u) (∇w log πw (u|i))πw (u|i)

=Ex0=i ,u0∼πw (u|x0) [Qw (i , u)∇w log πw (u|i)]



Policy-Gradient Theorem

Proof

∇Vw (i) =
∑
u

(∇wQw (i , u)πw (u|i) + Qw (i , u)∇wπw (u|i))

= Ex0=i ,u0∼πw (u|x0) [Qw (i , u)∇w log πw (u|i)] + αEx0=i ,u0∼πw (u|x0) [∇wVw (x1)]

= Ex0=i ,uk∼πw (u|xk )

[ ∞∑
k=0

αk∇w log πw (uk |xk)Qw (xk , uk)

]

REINFORCE

REINFORCE uses the Monte-Carlo method to estimate the Q-function

Qw (xk , uk) ≈
T−1∑
τ=k

ατ−k r(xτ , uτ ),

and uses a single episode as the estimate.



REINFORCE (Williams (1988, 1992))

Generate an episode x0, u0, x1, u1, · · · , xT−1, uT−1, xT by following policy πw . After the
episode is generated, it takes T steps to update w . For each step k of the episode,
update w as follows:

w ← w + βαk∇w log πw (uk |xk)
T−1∑
τ=k

ατ−k r(xτ , uτ ).

Continue to the next episode with the updated w .



Policy-Gradient Theorem (Continued)

∇Vw (i) = Ex0=i ,uk∼πw (u|xk )

[ ∞∑
k=0

αk∇w log πw (uk |xk)Qw (xk , uk)

]

=
∞∑
k=0

∑
x ,u

αk∇w log πw (u|x)Qw (x , u)P(xk = x , uk = u|x0 = i)

=
∑
x ,u

∇w log πw (u|x)Qw (x , u)
∞∑
k=0

αkP(xk = x , uk = u|x0 = i)

=
∑
x ,u

∇w log πw (u|x)Qw (x , u)
∞∑
k=0

αkP(xk = x |x0 = i)πw (u|x)

=
1

1− α

∑
u,x

∇w log πw (u|x)Qπw (x , u)

(
(1− α)

∞∑
k=0

αkP (xk = x |x0 = i)

)
πw (u|x)

=
1

1− α
Ex∼ρw ,u∼πw (u|x) [∇w log πw (u|x)Qw (x , u)] .
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