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Exploration vs. Exploitation

Exploration: Try actions to find the best one.

Exploitation: Take the action “believed” to be the best.

A straightforward strategy: e-greedy.

Question
What is the optimal exploration and exploitation tradeoff?




Multi-Armed Bandit

Model
Stochastic bandits with / possible arms

iEi... 7

@ Reward: X;(t) when arm i is played at time t. X;(t) € [0,1] is i.i.d random
variable (for given /7).

o Goal: max>_K_, E[X;, (K)]

@ jx: arm played at time step k.




e-Greedy Exploration
e With probability (1 — €),
i* € arg max p;(k)

where ) ) ]
_ total reward received from playing arm |

pi(k) =

@ With probability €, randomly pick an arm.

number of times arm i has been played -




Upper Confidence Bound (UCB) Algorithm

UCB Exploration
@ Play each arm once at the beginning

@ At time k > |, choose arm i* such that

4log K

I;(k € arg m’_ax,u;(k) aF W

N;(k) : number of times arm i played by time step k;
k_ Ti =i X (T
pi(k) = Z:T_lN,.(k) o

4,\',‘_’(%( : confidence internal about estimating p; with current observations

Large N;(s) is more confident about arm i and small N;(s) is less confident.




Upper Confidence Bound (UCB) Algorithm

@ Explore arms with more uncertain. Optimism in Face of Uncertainty.
@ UCB balances exploration and exploitation

@ For large K, as k = K — 00, the probability of selecting the best arm goes to one
because

4log K
%—w, as k - K = o0




UCB Algorithm
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Figure: UCB versus e-greedy (Figure 2.3 in Sutton and Barto)



Regret Analysis of UCB

Definition: Regret
Assume arm 1 is the best arm.

Rk = mK —E

Regret Bound
Under UCB,

Under e-greedy,




Basic Definition: Martingale
A discrete-time stochastic process Y1, Y2, Y3, - -, that satisfies for any k

E[| Yk|] < o0
E[Yikt1| Yk, Ye—1,- -+, Yi] = Yx.

Azuma-Hoeffding Inequality
Consider a martingale {Yj} such that Yo =0 and | Yx — Yx_1| < ck. For any m > 0,

m2
P(Yxl2m) <2exp| ——— | -
(d=m 2T




UCB Algorithm: Regret bound

Intuition: Regret at time k is bounded by 2 4,3,;8{’)(. Since Na(k) < k, the total regret

is bounded by

K K
22 4Iog) Z /4IogK — o /—KlogK)
k=1

k=1




Regret Analysis

Proof

K
Rk = mK —E | > X (k)
k=1




Regret Analysis

Proof

K

Zka(k)

k=1

K
= mK - Z E[:uik]
k=1

Rk =K —-E




Regret Analysis

Proof

4 Iog K
’k
4log K
Ni(K) “’k]




Regret Analysis

Azuma-Hoeffding Inequality
Consider a martingale { Y} such that Yo =0 and |Yx — Yk—1| < ck. For any m > 0,

m2
P(Yx|=>2m) <2exp| ——— | .
(IYi[ = m) <2exp 72

v

Application of the Azuma-Hoeffding inequality
> 71 Xir
n

Define pjp = (the estimate after getting n samples). Then
n
Yn = Njn— np; = ZXi,T — np;
=1

is a martingale.




Regret Analysis

Application of the Azuma-Hoeffding inequality

Define pjp = % (the estimate after getting n samples). Then

Yo = npin— npi = Y7 _1 Xir — nu; is a martingale.

E[Yni1lY1, -+, Yol = E[Yn + Xint1 — pil Yol = Yo

and

Vi = Vil = | X, = ]l £ 1l = @




Regret Analysis

Azuma-Hoeffding Inequality
Consider a martingale {Y,} such that Yo =0 and |Y,, — Y,_1| < ¢,. For any m > 0,

m2
P(IYn\Zm)§2eXP< )
227 1 T

Application of the Azuma-Hoeffding inequality
Applying the Azuma-Hoeffding inequality and the union bound, we obtain

4log K 4nlog K 2
P(m,,n pil 2 ) = ) P<|Y,,| > \/4nlogK) _2exp( = ) =




Regret Analysis

Azuma-Hoeffding Inequality
Consider a martingale {Y,} such that Yo =0 and |Y,, — Y,_1| < ¢,. For any m > 0,

2
P(!Yn\zm)§2e><p< )
227’ 1 T

Application of the Azuma-Hoeffding inequality
Define event A such that

4log K
A={m,-,,,—u,-|s\/ > Vi,Vnzl,---,K}.

Applying the Azuma-Hoeffding inequality and the union bound, we obtain

2 2/
P(A)Zl—lxKxﬁzl—?.




Regret Analysis

4log K 4log K
Fi(k) = 1 — pj (k) — | ——— and Fo(k) = pj (k) + 4| —— — uj,.
1(k) = p1 — pi (k) N, (K) 2(k) = pi (k) \/N,-k(k) iy
Fact 1
Fi(k) <1 and Fo(k) <14 2y/logK.
Fact 2
When A occurs,
4log K
< < —_— .
Fi(k) <0 and |F(k)| <2 N; ()




Regret Analysis

Fact 2 holds because arm i, was selected at step k.

Proof (continued)
Rk = Z E[Fi(k

+ZE[F2

)| A] Pr(A

)| A] Pr(A

+ZE[F1
+ZE[F2

| A€] Pr(A°)

) A Pr(A)




Regret Analysis

Fact 2 holds because arm i), was selected at step k.

Proof (continued)

RK_ZE[Fl |A]PrA)+ZE[F1 k)| A°] Pr(A°)
k=1 k=1

K
+ Y E[F(k)| A Pr(A +ZE[F2k)\AC]Pr(AC)
k=1

k=1

5 4log K

ka(k) A

K
<O+ KPr(A)+) E Pr(A) + K Pr(A°)(1 + 2+/log K)
k=1




Regret Analysis

Proof (continued)

From the Azuma-Hoeffding ineqaulity, we have Pr(A€) < 27’ Applying this bound and

the bound Pr(.A) < 1, we have
K
1
\/ A
k§::1 ka(k)

K
<4/\/log K \/EJF 41 4 41\/log K = O(1/K log K)
k=1

Rk <4+/log KE

+2/(1 + 24/log K)




Optimality of UCB

Instance Dependent log K Regret

With a more complicated analysis, we have

where A,‘ = H1 — K.




Thompson Sampling (1933)

Thompson Sampling

Assume a uniform prior on 1; € [0,1] and Bernoulli reward X; € {0,1}. Let 7; x be the
posterior distribution for u; at the kth step.

@ Sample p; , according to distribution 7; x
@ Pull arm i) € arg max; pi; k
e Update 7j, k1 based on X; (k).
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V

Same (order) Regret bounds but better empirical performance. )
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