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Markov chains

Markov chains

Consider a random process X = {X0,X1,X2, . . . },Xk → S and assume S is a finite

set.

X is a Markov chain if

P(Xk = j |Xk→1 = i ,Xk→2 = ik→2, . . . ,X0 = i0)

= P(Xk = j |Xk→1 = i) ↑k , i , j , ik→2, . . . , i0

Time-Homogeneous Markov chains (MC):

If P(Xk = j |Xk→1 = i) does not depend on k , X is called a time-homogeneous

Markov chain

Matrix P such that Pij = P(Xk = j |Xk→1 = i) is called the transition probability

matrix

Xm .
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Markov chains

Row vector p(k) = (· · · , pi (k), · · · )
= (· · · , P(Xk = i), · · · )

p(k + 1) = p(k)P =↓ p(k) = p(0)P
k

Tow basic questions about Markov chains

Does there exist a ω so that ω=ωP? If such a ω exists, it is called a stationary

distribution.

If there exists a unique stationary distribution, does limk↑↓ p(k)=ω for all p(0)?
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Markov chains

Reachable

State j is called reachable from state i if there exists time T such that

P(XT = j |X0 = i) > 0

i.e. there exists a nonzero probability to go to state j from state i over a finite number

of steps.

Irreducible

A Markov chain is irreducible if j is reachable from i ↑i , j .
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Example

Consider a trivial two-state Markov chain with two states 0 and 1, and transition

probability matrix

P =

(
1 0

0 1

)
.

0 11 1

Therefore, ωP=ω is true for any distribution ω and the stationary distribution is not

unique.
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Markov chains

Theorem

A finite-state, irreducible MC has a unique stationary distribution ω such that

ω = ωP .

Does the distribution p(k) converge to ω as k ↔ ↗?
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Markov chains

Theorem

A finite-state, irreducible MC has a unique stationary distribution ω such that

ω = ωP .

Does the distribution p(k) converge to ω as k ↔ ↗?
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Markov chains

Period: state i is said to have a period k if the MC returns to state i in T steps

only if T is a multiple of k .

Aperiodic: a Markov chain is aperiodic if all states have period 1.

Examples:
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Markov chains

Period: state i is said to have a period k if the MC returns to state i in T steps

only if T is a multiple of k .

Aperiodic: a Markov chain is aperiodic if all states have period 1.

Examples:
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Markov chains

Theorem

A finite-state, aperiodic, irreducible MC has a unique stationary distribution ω such

that

ω = ωP .

Furthermore,

lim
k↑↓

p(k) = ω
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Example: PageRank

Imagine a random Web surfer.

At any time t, surfer is on web i . At time t + 1 the

surfer picks a hyperlink uniformly at random and goes

to the next web.

pi (t) : probability that the surfer is at web i at time t.
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Example: PageRank

Imagine a random Web surfer.

At any time t, surfer is on web i . At time t + 1 the

surfer picks a hyperlink uniformly at random and goes

to the next web.

pi (t) : probability that the surfer is at web i at time t.

Transition probability matrix:


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Irreducible and aperiodic

Initial distribution: p(0) =
(
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Example: PageRank
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p(2) = Pro 1 p



Example: PageRank

Imagine a random Web surfer.

At any time t, surfer is on web i . At time t + 1 the

surfer picks a hyperlink uniformly at random and goes

to the next web.

pi (t) : probability that the surfer is at web i at time t.

Change of the distribution over time:

p(t + 1) = p(t)




1
2

1
2 0

1
2 0

1
2

0 1 0





Stationary distribution: ω =
(
2
5 ,

2
5 ,

1
5

)
.
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Markov Decision Processes

Controlled Markov chain

state-transition probabilities can be controlled. In particular, under action u, transition

probability from i to j is Pij(u).
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Markov Decision Processes

u → A: for simplicity, assume A is a finite set

r(x , u): reward of taking action u at state x . r(x , u) can be a random variable.

Assume r(x , u) ↘ 0 and takes finite number of values.

MDP (Markov decision process) with discounted cost:

lim
T↑↓

E

[
T∑

k=0

εk
r(xk , uk)

]
, 0 < ε < 1.



Markov Policy and Stationary Policy

At time k , we have access to {x0, . . . , xk}, {u0, . . . , uk→1} and

{r(x0, u0), . . . , r(xk→1, uk→1)}, i.e. the past history of states, actions and rewards,

and the current state.

Define µk , a function (policy) which decides the action to be taken at time k .

=↓ uk = µk(x0, . . . , xk , u0, . . . , uk→1, r0, . . . , rk→1)

a function of past history and current state.

µk can be a random function (random policy)
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Markov Policy and Stationary Policy

For discounted MDP, it is su!cient to consider policies depending only on the current

state xk , i.e.

uk = µk(xk) (Markov policy)

If a policy does not explicitly depend on k , i.e. uk = µ(xk), then it is called a

stationary policy.

Assume one of the optimal policies is stationary for the MDPs we consider.
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